In certain production environments, beef cows are mated during a breeding season that starts in early summer. Cows found not to be pregnant at the end of the breeding season could either be culled or retained and remated the following summer. Alternatively, nonpregnant cows could be mated in the winter. This option would result in having both a spring and a fall calving herd. The purpose of our study was to determine the optimal replacement policy (maximizing long-run average net returns) for a specific production environment by determining for each age of cow, reproductive status (nonpregnant or pregnant), and season of pregnancy checking (spring or fall) whether the cow should be retained to the next breeding season (summer or winter) or be replaced by a pregnant heifer. The problem was formulated as a Markovian decision process and the optimal policy was found by linear programming. The optimal policy was one in which nonpregnant cows were always culled and replaced by heifers in the summer breeding herd, resulting in spring calving only.
herd and given another opportunity to become pregnant. Neville et al. (1987) stated that it may be economically advantageous to retain nonpregnant cows to the next breeding season by using low-quality feeds. Other reported advantages of remating mature cows were fewer problems with dystocia and higher weaning weights than expected from replacement heifers. Azzam et al. (1989) found that conception rate differed relative to season of breeding, age of female, and whether the female was retained because she failed to conceive during the previous breeding season. Therefore, if both spring and fall calving were practiced, different numbers of nonpregnant cows would result among different ages of cows and from different seasons of breeding. Because feed costs also differ between spring and fall calving, pregnancy status, and age of cow and because prices received for cull cows and weaned calves vary with season of sale and age of cow, a single recommendation to retain or replace a nonpregnant cow cannot be made. AVERAGE 
FEED PRICES'
Grouo of females 9'he expected costs for maintaining a f e d e either from weaning to pregnancy check (replacement heifers), from pregnancy check through pregnancy and lactation, or from pregnancy check to the following pregnancy check (for nonpregnant, retained cows).
The purpose of our study was to determine the optimal (maximizing average net returns) replacement policy for a specific production environment by determining for each age of cow, reproductive status (nonpregnant or pregnant), and season of pregnancy checking (spring or fall) whether the cow should be retained to the next breeding season (summer or winter) or be replaced by a pregnant heifer.
Materials and Methods
Production Scenario. The production environment assumed in the study is typical for the Sandhills region of Nebraska, The specific assumptions and prices used (Pritchard, 1987) are reproduced for convenience.
Cows grazed from June 1 to December 31, but because of different pasture conditions, June 1 to November 1 was classified as summer grazing and assigned a higher cost per animal than winter grazing, which occurred from November 1 to December 31. When cows were not grazing, or when supplementation was necessary, prairie hay, corn, soybean meal, and range cubes were used in different combinations and quantities. Cows and heifers were mated to bulls either from May 20 in the spring or from November 10 in the fall, for 70 d. Spring-bom calves were weaned on October 15 and fall-born calves were weaned on March 31. Pregnancy checking, for modeling convenience, was assumed to be on the day of weaning. The breeding herd consisted of a constant (across years) number of Hereford x Angus cows with a mature size of 530 kg.
Feeding Costs. female either from weaning to pregnancy check (replacement heifers), from pregnancy check through pregnancy and lactation, or from pregnancy check to the following pregnancy check (for nonpregnant retained cows) were calculated for the groups of females in Table 1 . The cost of various feed ingredients given in Table 2 are 10-yr (1977 to 1986) average prices reported by Pritchard (1987).
Spring-born replacement heifers were fed 3.64, 1.14, and .68 kg/d of prairie hay, corn, and soybean meal from weaning (October 15) to May 31. From June 1 to August 31, and from September 1 to pregnancy check (October 15), the heifers consumed 7.21 and 8.24 kg/d of DM from pasture. The total cost from weaning to pregnancy check was $133 (Table  1) .
Fall-born replacement heifers were fed as spring-born heifers from weaning (March 31) to May 31. From June 1 to August 31 the heifers consumed 7.21 kgld of DM from pasture. From September 1 to October 31 and from November 1 to December 31 the heifers also consumed 7.21 kg/d of DM from summer and winter pasture, respectively. During winter grazing the heifers were supplemented with 1.36 kg/d of range cube. From January 1 to pregnancy check (March 31) the heifers were fed 6.36, 1.14 and .45 kg/d of prairie hay, corn, and soybean meal. The total cost from weaning to pregnancy check was $137 ( Table  1) .
Heifers that were found to be pregnant in the fall (October 15) consumed 8.24 kg/d of DM from summer pasture for 14 d. From October 31 to December 31 they consumed the same daily amount of winter pasture and 1.14 kg/d of range cube. From January 1 to February 24 (55 d) the heifers consumed 8.64
and .91 kg/d of prairie hay and range cube. The following 96 d they were fed 7.27, 1.82, and .91 kgld of prairie hay, corn, and soybean meal, respectively. From June 1 to weaning they consumed 13.39 kgld of DM from summer pasture. The total cost from October 15 for the following year was $204 ( Table 1) .
Heifers that were found to be pregnant in the spring (March 31) were fed 7.27 and .68 kg/d of prairie hay and range cube for 60 d. Mature cows that were found to be open in the spring were, if the decision was made to retain them, maintained with the pregnant cows and fed 9.09 kg/d of prairie hay until the beginning of summer breeding season (May 20) . At this time they were moved to the group of lactating springcalving cows and maintained with them until pregnancy check in the fall. The total cost from pregnancy check in the spring to pregnancy check in the fall was $80 (Table 1) .
Replacement Cost. The cost of raising a replacement heifer was determined by the value of the female calf at weaning plus the feed cost from weaning to pregnancy check. The weaning weight of the calf was generated by a stochastic model of reproduction and growth ( h a m et al., 199ob) using the assumptions for the specific production scenario, an average first-service conception rate of 70% and a 6 5 d postpartum interval. Replace ment heifers were assumed to be born to mature cows. The average weaning weight of the replacement heifers weaned in the spring and fall were 180 and 192 kg, respectively. The prices received for calves at weaning (Table 3) Prices Received for Livestock. Animals were either sold at weaning (and pregnancy check) in the fall or in the spring. Prices received for animals sold are given in Table 3 . The weight of cull cows was calculated by the Brody function (Brody, 1945) :
where W(t) is the weight (kg) at age (d), A = 530 kg, B = 922, and k = .0019. The parameters for the equation were reported by Montano-Bermudes and Nielsen (1990) for Hereford x Angus cows. The value of cull cows varied from $368 for a 2.5-y-r-old cow sold in the fall to $487 for a 10.5-yr-old cow sold in the spring.
The average weaning weight of calves for a specific group of cows depends on average birth weight, age of calves at weaning, and growth rate from birth to weaning. Because the different groups of cows have different firstservice conception rates (Azzam et al., 1989) , average age of calf at weaning varied. Therefore, average weaning weight was generated for each group of cows from a stochastic simulation model (Azzam, 199Ob) given the different first-service conception rates reported by Azzam et al. (1989) as inputs. Average survival rate of calves from biah to weaning also was generated from this model. The average value of the calf at weaning was found by averaging the products of the weaning weight for each sex with the average price received for that sex x weight interval x season of sale. This product was then multiplied with the average survival rate for the specific group general kind of model for probabilistic dynamic programming where the stages continue to recur indefitely" (Hillier and Lieberman, 1986). of cows. Calf survival rate ranged from 91 to 93% in cows that were 2 or 3 yr old at calving. Survival rate of calves born to mature cows was 94%. Because of lack of data on how season of birth affects survival of calves, the survival rate was modeled to be independent of season.
M a r h i a n Decision Processefi. The culling process in a herd of beef cattle can be described as a Markov chain (Rodriguez Iglesias and Latimori, 1986; Azzam et al., 199Oa) , enabling the use of Markovian decision models to find an optimal culling and replacement strategy. The elements (p$ of the transition matrix P (Table 4) represent the probabilities that an animal in a certain state i (age x reproductive status x season combmation) at time of pregnancy checking will be in state 1 next time she is checked for reproductive status (nonpregnant, pregnant, or physically unsound). For example, the probability that a 2.5-yr-old fall-born cow that was found to be nonpregnant in the spring (i = 1) will be pregnant if remated during the summer breeding season (j = 11) is .80. If she is pregnant, the next time she is checked for reproductive status is a year later (i = 11). The probability that she is pregnant at this time is .90 (P11,23). Similarly, a 2.5-yr-old cow that was found to be pregnant in the spring (i = 2) will be pregnancy-checked again the following year. At this time, the probability that she is prepant is . 97 (p2,14) . If the 2.5-yr-old cow was found to be physically unsound (i = 3), she will, if she is not culled, still be physically unsound at the next pregnancy check (p3,12 = 1). The probability that a female is physically unsound is on the average .02, .03, .04, and .05 for females 2.5 to 6.5,7 to 7.5, 8 to 8.5, and 9 to 10.5 yr old, respectively (Auam et al., 1990a).
The pregnancy rates used in Table 4 were obtained by entering the corresponding estimated first-service conception rates given by Azzam et al. (1989) into a stochastic shulation model (Azzam et al., 199Ob) . Other variables needed in the simulation model were those assumed for the specific production scenario. Furthermore, it was assumed that the pregnancy rate for 3.5-yr-old cows was representative of all mature cows.
The transition matrix (Table 4 ) depicts the population dynamic process in which cows are never replaced with heifers. When cows are expected to be more than 10.5 yr old at the 2.5 2.5 2.5 2.5 2.5 2.5 3 3 3 3 3 3 3.5 3.5 3.5 3.5 3.5 3.5 o P u o P u o P u o P u o P u o P u S S S F P F S S S P P F S S S P P P next time they are pregnancy-checked, they remain in the present state. A replacement policy could be established by changing the transition matrix so that females that were to be replaced become 2.5 yr old the next time they are pregnancy-checked. The average net r e m per cow and year for such a policy, considering only the variable costs of feed and returns in livestock sold, is found by multiplying a vector of net returns expected for each state by the expected proportions of cows in each state. The proportions of cows in each state at equilibrium (steady-state proportions) could easily be found using the computer algorithm described by Azzam et al. (199Oa) if the states represented the same length of time. However, in our example (Table 4) . pregnant cows remain in that state for 1 yr while nonpregnant, and unsound cows that are not culled remain in their respective states for only 6 mo. The problem could be solved by expanding the matrix so that pregnant cows go to an intermediary state with a probability of one.
5We would like to thank an anonymous reviewer for pointing out tbis extension.
The process of multiplying the vector of net returns by the expected proportion of cows in each state could be repeated for transition matrices representing different policies. However, the method becomes cumbersome if there are many decisions that can be made at each state, and there are many states. In our study there are 102 different states (17 age groups x 2 seasons x 3 reproductive classifications), and one of two decisions (keep or replace) could be made in each state.
An appealing method that simplifies the search for the policy that will yield the highest net return was described by Hillier and Lieberman (1986) . The method is a combination of linear programming and Markov chains, and it can be extended5 to solve the problem of states representing different lengths of time. Constraints can be specified to weigh the steady-state proportions by the time spent in each state.
In our study, it is assumed that the population dynamics process is the one described by the transition matrix in Table 4 . To find the optimal replacement policy (i.e., the one that maximizes the average net return for the herd in the long run) a choice is allowed between two decisions to take place in any state. The two decisions are 1) to keep the female and remate her during the next breeding season (keep the original transition matrix as it is) or 2) to replace a cow in the fall with a pregnant, spring-born heifer and replace a cow in the spring with a pregnant, fall-born heifer. The transition matrix resulting from making decision 2 in every state is depicted in Table 5 . When a cow is replaced with a 1.5-yr-old pregnant heifer, her replacement will be 2.5 yr old the next time she is checked for pregnancy. At this time, the probability that she is nonpregnant, pregnant, or unsound is .04, .94, and .02 for the fall-born cow and .17, .81, and .02 for the spring-born cow (Azzam et al., 1989) .
The feed costs and returns from sale of calves or cull cows for the different states are given in Table 6 . The net revenues ca from making a particular decision k when in state i are shown in Table 7 . When the decision is made to keep a cow (k = 1). the expected net return is the expected value of the calf minus the feed cost. When the decision is made to replace a cow (k = 2), the expected net return is the sum of the following terms: 1) the value of the cull cow, 2) the cost of the replacement heifer, 3) the expected value of the calf from the pregnant replacement heifer, and 4) the feed cost from time of replacement until the cow is 2.5 yr old. The expected value of a calf born to a 2.5-yr-old cow, pregnancychecked in the spring or fall, is $244 and $243, respectively. The corresponding feed cost is $228 and $204, respectively (Table 1 ).
An infinitely large negative value is assigned to decisions that we wish to inhibit when in a particular state. There are two examples of this. First, physically unsound cows should always be culled because, in our assumptions, they will remain unsound and never become pregnant. Second, cows expected to be more than 10.5 yr old the next time they are pregnancychecked (the last six states), should be culled or they would remain in those states indefinitely. The optimal policy is found by linear programming. The objective function to maximize is the sum of net returns for each decision made in each state. The linear program in our study therefore has 204 terms (2 decisions, 102 states). The solution to the linear program will have <lo2 terms, the optimal decision (1 or 2) for each state.
There are several constraints to the linear program. The fiist one is that the sum of the products of the proportions at steady-state and the length of time spent in the state, given a certain decision, must equal 1. If the length of time spent in each state were constant, then this constraint would become the usual constraint that the sum of all proportions at steady-state should equal 1. If we let y~ denote the steady-state proportion of state i when decision k is made and fjk the time spent in state i when decision k is made, then the fiist constraint is as follows:
In our study, til is .5 yr for nonpregnant cows and 1 yr for pregnant cows, and trz is always 1. That is, when a nonpregnant cow is retained and rebred (k = l), she will be pregnancychecked .5 yr later, and a pregnant cow will be pregnancy-checked 1 yr later. When a cow is replaced (k = Z), her replacement is already pregnant at the time of replacement and will therefore be pregnancychecked 1 yr later.
The second constraint is that all steady-state proportions have to be nonnegative (i.e., the probability of making a certain decision when the system is in a given state is between 0 and 1):
The following set of 102 constraints defines how the stead -state probabilities are found. If resulting from making decision k, then the set of constraints is as follows:
pi,(@ is the ij 2 element of the transition matrix fori = 1,2,. . . , 102.
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Alternatively, this set of constraints can be were I is an identity matrix, PI the transpose of the transition matrix when decision 1 is implemented in every state (i.e., it is simply the transpose of the transition matrix in Table  41 , P; is the transpose of the transition matrix if decision 2 is implemented in every state (the transpose of the transition matrix in Table 5 ).
steady-state proportions (the unlrnowns in the linear program), and 0 is a 102 x 1 vector of Os. The symbols II and // stand for horizontal and vertical concatenation, respectively.
The linear program is outlined in Table 8 . The matrix of constraints were created by SAS Matrix Procedure (SAS, 1982) and imported into SAS LP Procedure (SAS, 1985) .
yi.1 and yig are column vectors of Unlrno~n

Results and Discussion
Optimal Policy. The optimal replacement policy ( Table 9 ) calls for replacing all nonpregnant females with spring-born heifers; in the long run, this policy results in spring calving only. Because nonpregnant cows are never retained, the sum of the steady-state proportions is 1. If we assume that the total number of cows after weaning/pregnancy check on October 15 is 100, then the number of pregnant heifers needed for replacement is 18 (3.05 + 14.55 + .36). The long-run expected net return per cow and year under this policy is $61.
The optimal policy corresponds to the most common culling policy used by producers in the geographical region modeled. The results are also supported by two studies that assumed the same or similar production scenarios. F'feiffer et al. (1988) found that with springcalving only, nonpregnant cows should always be culled. Pritchard (1987) compared the net returns of spring calving herds to those of fall calving herds, in which nonpregnant cows were always culled, and found that spring calving resulted in higher net returns.
Another observation about the optimal policy is that as long as a cow is pregnant she should not be culled. This is in disagreement with the observation of Clarke et al. (1984) , who concluded that, in general, cows should be replaced at 6 yr of age, with heavy culling on production. Bourdon and Brinks (1987) found that, in general, culling at 8 yr of age was optimal, but that the difference in ece nomic efficiency between culling at 8 and 10 yr of age was small. Bourdon and Brinks concluded that optimal culling age cannot be generalized because it depends on the relative price ratio of cull cowlfed animals, the costs of replacement heifers, and the costs of maintaining mature cows, and these costs vary between producers and years. One possible explanation of the difference between our results and those of others may be our assumption that feed consumption of a mature cow does not increase with age, but that the weight of a mature cow follows Brody's (1945) 
Sensitivity Analysis. A standard price sensitivity analysis could not be performed because it does not restrict the model to make one of the two choices when in a particular state. Varying the prices for feed and livestock by different amounts could be attempted as a way of analyzing the sensitivity of the optimal solution to changes in costs. This, however, does not take into consideration the correlation between feed costs and livestock prices. In an attempt to account for these correlations, sensitivity analysis was performed using prices for the individual years 1977 to 1986 (Pritchard, personal communication) and assuming that these would be the average prices in the long run. Only average net returns using the prices from 1979 to 1986 are reported (Table  10) because costs have to be lagged. The decision at pregnancy check in the fall to either keep or replace a cow depends on the expected price for a weaned calf the following year (if she is kept) and the price received for a heifer calf at weaning the previous year (if she is replaced). The year indicated in Table 10 refers to the year after pregnancy check in the fall.
The optimal policy was robust over 1981 to 1986. If the prices for these years would have been the average prices in the long run, the average net return per cow and year would have been between $23 and 76.
The optimal policy for 1979 and 1980 was influenced by a change in cattle prices. The cost of a replacement heifer was low relative to and replacing all of them after they had weaned their fist calf. In 1979 the policy prescribed fallsalving, but in 1980 the policy prescribed spring calving. Because a substantial change in cattle prices produced this "speculative" policy, it is inconceivable that these prices would ever become the average prices in the long run. If they were, the average net return per cow and year would be as high as $400. Based on the 10-yr average prices and sensitivity analysis, we can conclude that under the assumed management alternatives, nonpregnant cows should always be culled and that there would be no need for a fall calving herd. This does not imply that fall calving is not economical if other management altematives are considered. The time of weaning fallborn calves might change the optimal solution. Time of weaning and(or) retained ownership of calves after weaning are alternatives that should be explored.
Suboptimal Policies. The beef producer might be interested in finding the optimal policy among a subset of policies. To define a subset of policies, one need only add additional constraints to the linear program. Some examples of questions that could be asked are these: 1) Should nonpregnant cows be retained if only fallcalving is allowed? 2) Should nonpregnant cows be retained in herds that have 60% of the cows calving in the spring and 40% in the fall? 3) Which cows should be retained if one desires to cull 30% of the herd annually? and 4) Which nonpregnant cows should be retained if one desires to retain 10% of all nonpregnant cows? The additional constraint added to the linear program to answer each of these questions is given in Table 11 . Using the 10-yr average price, the optimal policies for the four subsets were as follows.
When only fall calving is allowed, nonpregnant cows should always be culled. However, all cows should be culled after weaning their calves at age 5.5 yr. This policy returned a net of $49 per cow and year.
When 60% of the cows axe calving in the spring and 40% in the fall, nonpregnant cows should always be replaced All cows calving in the fall should be culled after weaning their calves at 5.5 yr of age, whereas springcalving cows should not be culled until 10.5 yr of age. When 30% of the herd must be replaced annually, the optimal policy calls for springcalving only, for culling all nonpregnant cows, and for culling all cows after they have weaned their calves at 6.5 yr of age. The average longrun net-return was $57.
Finally, when 10% of all nonpregnant cows are to be retained, the optimal policy results in both spring and fall calving. All cows that are not pregnant when checked in the spring should be retained. Cows found not to be pregnant in the fall should only be retained if they are 3 or 3.5 yr old. Fall-calving cows should be culled after weaning their calves at 4.5 or 5 yr of age, but springcalving cows should not be culled until 10.5 yr of age. The policy returned a net of $56 per cow and year.
The purpose of examining these specific questions was not to give management recommendations but to demonstrate the power of the model. By adding a single constraint to the linear program, the program limits the available policies to choose from to those that are specified in the constraint.
lmpllcations
A Markovian decision model was deve loped to determine for each age of cow, reproductive status, and season of pregnancy checking (spring or fall) whether a cow should be retained to the next breeding season or be replaced by a pregnant heifer. The optimal replacement policy was found by linear programming. This method also allows for choosing the optimal policy among a subset of policies by addition of single constraints. The study shows that average net revenues in the long run are maximized when all open cows are culled and replaced by pregnant heifers in the fall. This corresponds to the most common
